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In this paper we solve the Boltzmann-Bloch equation within a path integral approach, delivering
general, non-perturbative solutions of high harmonic generation in semiconductor superlattices with
asymmetric current flow. The system is treated non-perturbatively in the illuminating field by
employing local boundary conditions which allow the inclusion of asymmetric relaxation rates. The
spectroscopic properties of the high harmonic generation are demonstrated by calculations of the
nonlinear response in both frequency and time domain. We show that asymmetric currents affect
the spontaneous emission and can result in a significant enhancement of even harmonics by tuning
the interface quality.
I. INTRODUCTION
The inherent nonlinearities of electronic systems can be
exploited for the development of novel compact sources in
the terahertz (THz) region [1–5]. The very same nonlin-
earities and their underlying microscopic origin serve as
sensitive means for controlling high harmonic generation
(HHG) processes. A notable very recent example is the
generation of THz harmonics in a single-layer graphene
due to hot Dirac fermionic dynamics under low-electric
field conditions [6]. In a parallel effort, advances in strong-
field and attosecond physics have paved the way to HHG
in bulk crystals operating in a highly nonperturbative
regime [7–14]. The first experimental observation of non-
perturbative HHG in a bulk crystal was explained on the
basis of a simple two-step model in which the nonlinearity
stemmed from the anharmonicity of electronic motion
in the band combined with multiple Bragg reflections
at the zone boundaries [15]. The high frequency (HF)
nonlinearities which contribute to harmonic upconversion
in bulk semiconductors have been associated to dynami-
cal Bloch oscillations combined with coherent interband
polarization processes [7, 9]. The aforementioned models
allow the use of tight-binding dispersions [16] to describe
the electronic band and therefore the radiation from a
nonlinear intraband current. One of the systems that
demonstrate a similar highly nonparabolic energy disper-
sion are man-made semiconductor superlattices (SSLs)
[17, 18]. In fact, the possibility of spontaneous frequency
multiplication due to the effect of nonparabolicity in a
SSL miniband structure was first predicted in the early
works of Esaki-Tsu [19] and Romanov [20]. Superlattices
are created by alternating layers of two semiconductor
materials with similar lattice constants resulting in the
formation of a spatial periodic potential. Furthermore,
SSLs host rich dynamics in the presence of a driving field,
which include the formation of Stark ladders [21], the man-
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ifestation of Bragg reflections and Bloch oscillations [22].
From the viewpoint of applications, SSLs have attracted
great interest because they allow the development of de-
vices which operate at microwave [23] and far-infrared
frequencies [5, 23] suitable for high precision spectroscopic
studies and detection of submillimeter waves. In addi-
tion, a considerable number of studies have tackled the
task of engineering parametric amplifiers [24, 25] and fre-
quency multipliers [26–28] based on superlattice periodic
structures. Note that although the first semiconductor
superlattice frequency multipliers (SSLM) were developed
for the generation of microwave radiation [29], significant
progress has been achieved combining high-frequency op-
eration (up to 8.1 THz, ∼ 50th harmonic) [5, 27] and high
conversion efficiency [30] comparable to the performance
of Schottky diodes [30, 31].
There are various mechanisms that contribute to the HF
nonlinearities of SSL devices. Once this distinction has
been clearly made, it is simple to connect the underly-
ing physical mechanisms to the frequency multiplication
effects. It was found that spontaneous multiplication
takes place in a dc biased tight-binding SSL, when the
Bloch-oscillating electron wave packet is driven by the
input oscillating field [32, 33]. Moreover, the increase
of optical response [32] was due to the frequency mod-
ulation of Bloch oscillations [34, 35] which arise in the
negative differential conductivity (NDC) region of the
current-voltage characteristic, i.e. the current decreases
with increasing bias. On the other hand, if a SSL device
is in a NDC state, the nonlinearities can be further en-
hanced by the onset of high-field domains [36, 37] and
the related propagation phenomena [38] in a similar way
as the electric-field domains in bulk semiconductors [39].
Thus, the ultrafast creation and annihilation of electric
domains during the time-period of an oscillating field
contributes to harmonic generation processes in SSLs
[40]. This type of dynamics has been found to depend
on plasma effects [41, 42] induced by the space-charge
instabilities and the dielectric relaxation time processes
which dictate the exact conditions for the NDC state [42].
The expected THz response from Bloch oscillations in
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2a miniband SSL, under the influence of a THz electric
field, might also deviate due to strong excitonic effects
[43–45]. Harvesting the nonlinearities discussed above can
potentially lead to more efficient SSLMs or other devices
suitable for achieving extremely flexible frequency tuning.
Our approach is inspired by very recent theoretical and
experimental investigations [28, 46–48] of SSLM behavior,
which revealed the development of even harmonics due
to imperfections in the superlattice structure. In general,
when a adequately strong oscillating field couples energy
into the SSLM in the absence of constant bias, only odd
harmonics are emitted. However, Ref. [28] showed that
symmetry breaking was induced by asymmetric current
flow and scattering processes under forward and reverse
bias. This approach combined nonequilibrium Green’s
function calculations with an Ansatz solution of the Boltz-
mann equation in the relaxation rate approximation. Fur-
thermore, the asymmetric scattering rates were attributed
to the different elastic (interface roughness) scattering
rates which have risen from the non-identical qualities of
the SSL interfaces. In general, elastic scattering processes
can have a significant effect on the electron transport in
semiconductor superlattices.The conventional method to
study the role of elastic scattering on miniband transport
and generation of high-frequency radiation [49, 50] are the
one dimensional (1D) SSL Balance equations [49] which
can be extended to address two-dimensional and three-
dimensional [51, 52] SSL transport and optical properties.
They cannot, however, include systematically the different
scattering processes under forward and reverse bias. A
handful of experiments have been devoted to examine
the harmonics of current oscillations [37], transient THz
response [53], dephasing mechanisms of Bloch oscillations
[54] and the electron mobility [55] under the influence of
isotropic-elastic-scattering time.
In this paper, we elucidate how the effects of asymmetric
scattering processes could be used to control the implica-
tions of the SL potential on the response of miniband elec-
trons to an oscillating electric field E(t) = Eac cos(2piνt).
Benefiting from the seminal work of Chambers [56] which
describes a path-integral approach that is not dependent
on any special attributes of the relaxation time, we solve
the Boltzmann transport equation to address the asym-
metric intraminiband relaxation processes in semiconduc-
tor superlattices. Earlier in Refs. [57, 58] the relaxation
rate was assumed to depend on the electron velocity al-
lowing to estimate analytically the high-frequency conduc-
tivity of an asymmetric superlattice but with resorting to
perturbative analysis of the Boltzmann equation. Before
proceeding further it is worthwhile first to highlight the
main points of this work:
(i) We eliminate the numerical instabilities which origi-
nate from the Ansatz solution of Ref. [28, 59] with the
Chambers path integral approach.
(ii) We theoretically demonstrate that the multiplication
effects can be effectively controlled by special designs
of superlattice interfaces (asymmetric elastic scattering).
We show that one can gain control over even and odd
harmonics by choosing an appropriate asymmetry param-
eter. These anisotropic effects [28] reflect that typically
the interfaces of a host material (A) grown on an different
host material (B) are found to be rougher than those of
B on A (see Fig. 1), indicating grading or intermixing of
the constituent materials between SSL layers [60, 61].
This paper is organised as follows. Section II provides an
overview of a semiclassical theory describing the charge
transport in SSLs in the presence of asymmetric scattering.
In Sec. III, we discuss the nonlinear optical response of
miniband electrons in an asymmetric SL structure and we
present results of exact numerical simulations describing
the spontaneous HHG. Complementary insight is pro-
vided next with time-domain calculations. In Appendix
A, we revisit in more detail the path-integral expressions
implemented in this work.
II. SEMICLASSICAL FORMULATION
Throughout this work we use the standard energy dis-
persion, (kz) = 
a − 2 | T | cos(kzd), which describes
the kinetic energy carried by an electron in the lowest SL
miniband [17, 18]. Here a is the center of the miniband,
| T | is the miniband quarter-width, kz is the projec-
tion of crystal momentum on the z–axis (axis parallel
to the general grown direction) and d is the superlattice
period. Note that in this transport model, the effects
of inter-miniband tunneling are neglected. To simulate
the temporal distribution function f(k, t) of the single
electron, we employ a semiclassical approach based on
the Boltzmann transport equation [18]
∂f
∂t
+
F
~
∂f
∂k
= I {f} , (1)
where F is the force (−e)E corresponding to a time de-
pendent electric field or a constant electric field applied in
the z–direction of the SSL and k is the total momentum
which can decomposed into kz and the quasimomentum
in the x–y plane k‖ = (kx, ky). The right-hand side
term of Eq. (1) represents the collision integral. Instead
of using a single relaxation rate approximation model
equivalent to I {f} = −(f − f0)Γ/~ [62] with f0(k) being
the equilibrium fermi distribution, we will resort to two
scattering rates Γ to adequately describe the asymmetric
relaxation processes. The asymmetric elastic scattering
would result to enhanced scattering processes into certain
directions. Thus, the kinetic equation can be rewritten
in the following form
 L±f =
Γ±f0
~
(2)
where  L± = 1/~ (F∂/∂k+ ~∂/∂t+ Γ±) are integral op-
erators corresponding to the different relaxation rates (Γ+
and Γ−). By using the inverse of the operator, L−1, on
the left of Eq. (2) one obtains the generalized Chambers
3FIG. 1. (Color online) Schematic diagram of the origin of asym-
metric current flow in a semiconductor superlattice due to
differences in interface roughness depending on the sequence of
layers. GaAs layers are depicted in gray (color online) and AlAs
layers in blue (color online). The interface of GaAs over AlAs
has lower quality than that of AlAs over GaAs. The different
relaxation rates Γ+ (Γ−) depend on the direction of the time-
dependent miniband velocity v(kz(ti), kz(t0)). Here t0 and t
′
0
designate just different starting times [see Eq. (3)]. The SSL
sample is biased by an electric field, E = (0, 0, Eac cos(2piνt))
parallel to the direction of the z–axis.
path integral
 L−1{φ(k)} =
∫ t
−∞
dt0
Γ(t0)φ[k(t, t0)]
~
× exp
{
−
∫ t
t0
Γ(y)
~
dy
}
, (3)
where φ denotes a quantity such as current, displacement,
etc. Equation (3) summarizes that an electron which
passes through the point k at time t, follows different
collisionless trajectories which takes it through the points
k(t0) at times t0 < t. This compact solution requires the
assumption of the following boundary condition
Γ =
{
Γ+ v(t, t0) > 0,
Γ− v(t, t0) < 0.
(4)
Here v(t, t0) represents the time-dependent miniband ve-
locity which reveals the propagation direction of the elec-
tron along the sample and therefore indicates the interac-
tion with the high-quality or low-quality interface [see Fig.
1]. For a further discussion of Eqs. (2), (3) see Appendix
A. To quantify the effect of asymmetric scattering, we
calculate the current density using the approach that was
developed above and now takes the form
j(t) =
2e
(2pi)3
∫
d3k f0(k)
∫ t
−∞
dt0
Γ(t0)v(t, t0)
~∆(t, t0)
× exp
{
−
∫ t
t0
Γ(y)
~
dy
}
, (5)
where kz is integrated over the Brillouin zone, the inte-
gration limits of the in-plane components k‖ are ±∞ and
∆(t, t0) controls the level of current flow asymmetry. The
-1
0
1
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FIG. 2. (Color online) The current-voltage characteristics cal-
culated for different values of the asymmetry parameter, from
bottom (dashed) to top δ=1,1.05,1.2, 1.4. The connection with
the relaxation rates reads Γ+ = eE+c d and Γ
− = Γ+/δ. The
dashed curve represents the Esaki-Tsu characteristic without
taking into account the time relaxation-induced asymmetries,
or in other words, δ=1.
time dependence of the velocity v(t, t0) is obtained from
the set of the equations
dkz(t, t0)
dt
=
eE(t)
~
, kz(t0, t0) = kz0, (6a)
v(t, t0) =
2 | T | d
~
sin kzd, z(t0, t0) = 0. (6b)
The peak current j0 = j(E
+
c ), corresponding to the
critical field E+c = Γ
+/(ed) reads
j(E+c ) =
2de | T | /~
(2pi)3
∫ pi/d
−pi/d
sin(kzd) dkz
∫
d2kf0(k).
(7)
Here again the boundary conditions [Eq. (4)] dictate
the different relaxation times Γ(t) = Γ+ or Γ−, reflecting
on the coefficient ∆(t, t0)=1 or δ in Eq. (5). This asym-
metry coefficient δ = Γ+/Γ− which plays an important
role in this work, since it indicates the differences between
the interfaces leading to deviation from the perfectly anti-
symmetric voltage of the Esaki and Tsu model [17]. See
Fig. 2. An increase of δ can be interpreted as a structural
variation of the initial SSL structure. In the present work
we assume that δ ≥ 1 which implies that the flow from
left to right will be favored over the flow from right to left.
Furthermore, the asymmetry coefficient depends on the
elastic and inelastic scattering rates, which are either de-
termined from measured values [37, 63] or nonequilibrium
Green’s functions calculations [28, 47]. It is important to
notice that similar kinetic formulas to Eq. (5) have been
used to treat the different different types of scattering
processes in superlattices [64, 65]. However, none of these
works have systematically included a tensor analyzing
the different relaxation processes which correspond to an
asymmetric SSL structure. In this paper, the values of
the SSL parameters in Eqs. (5)-(7) are taken from recent
experiments and predictive simulations [28, 46]: d = 6.23
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FIG. 3. (Color online) Comparison of the nonlinear response
| Il(ν) |2 characterizing the generation of second [panels (a)
and (b)] and third [panels (c) and (d)] harmonics. The curves
are calculated using either the path integral approach of Eq. 5
[(a) and (c)], or the ansatz of Eq. 13 [(b) and (d)] as a function
of the parameter α = eEacd/(hν) and different values of the
asymmetry coefficient δ = 1.05, 1.2, 1.4. The dashed curve
(c) indicates the usual third harmonic at δ =1 whereas the
vertical dashed lines [(a) and (c)] designate the critical field
(a = ac) for which the SSL can operate in the NDC part of the
VI characteristic. The inset zooms on numerical instabilities
for | I3(ν) |2 with small parameter α in the third harmonic.
In all cases the frequency of the oscillating field is ν = 141
GHz.
nm, | T |= 30 meV, Γ+=21 meV, j0=2.14×109 A/m2 and
the corresponding critical field is E+c = 3.4 kV/mm. For
the integration of the equation of motions (6a), (6b) we
implement the classical fourth-order Runge-Kutta method
known for its stability [66].
By considering a static voltage source (Edc) applied to the
superlattice, the stationary current jdc can be determined
from Eq. (5) for t = 0. Figure 1 demonstrates jdc versus
Edc calculated numerically for different values of δ. In
contrast to the case of δ = 1 (dashed curve), all other
curves in Fig. 2 exhibit maximum and minimum cur-
rents at different | Edc |. Interestingly, as δ increases, the
Esaki-Tsu peak (i.e. j(E+c )=J0) weakens slightly whereas
the peaks at the opposite bias are notably suppressed.
We see that the asymmetric current flow is dramatically
enhanced by considering scattering processes increasingly
asymmetric under forward and reverse bias.
Before moving forward with results, we should make a
brief recap of a previous research. A NEGF approach,
in which the different interfaces were described by using
an interface roughness self-energy, gave good agreement
with static current voltage, but could not be implemented
for a GHz input. Thus, this predictive input was used
in a hybrid NEGF-Boltzmann equation approach by em-
ploying an Ansatz solution for the asymmetric current
flow [28, 46–48]. However, the Ansatz leads in some cases
to numerical instabilities and errors as shown in Fig. 3.
This is one of the main motivations of this paper, which
delivers a clean numerical solution that does not need the
Ansatz.
III. SPONTANEOUS FREQUENCY
MULTIPLICATION EFFECTS
In order to understand the effects of asymmetric scat-
tering on HHG, let us first shortly review the transport
properties and the basic ideas of spontaneous frequency
multiplication in the general case of a dc-ac-driven SSL.
Thus, one can consider a SSL with period d under an
electric field Edc + Eac cos(2piνt). The time-dependence
of the current response is then described by the Fourier
basis
jν(t) = jνdc +
∞∑
l=1
[jν,cosl cos(2piνlt) + j
ν,sin
l sin(2piνlt)],(8)
jνdc =
∞∑
n=−∞
J2n(α)jdc(U), (9)
jν,cosl =
∞∑
n=−∞
Jn(α)[Jl+n(α) + Jl−n(α)]jdc(U), (10)
jν,sinl =
∞∑
n=−∞
Jn(α)[Jl+n(α)− Jl−n(α)]K(U), (11)
where the dc current (jνdc) is given by Eq. (9) and the
Fourier components {jν,cosl (α), jν,sinl (a)} describe the lth
harmonic generation. Here the harmonic-conversion prop-
erties of the SSLM critically depend upon the strength
of the nonlinear response through the parameter α =
eEacd/(hν). The terms Jn(.) in Eqs. (9)–(11) denote
the Bessel functions of the first kind and order n. It
can also be seen from Eq. (9) that the voltage cur-
rent (VI) characteristics in the presence of irradiation
[E(t)] is given by a sum of shifted Esaki-Tsu character-
istics jdc(U) = j0(2U/Γ)/[1 + (U/Γ)
2] where j0 is the
peak current corresponding to the critical electrical field
Ec = ~/(edτ). This might lead to a photon-assisted tun-
neling phenomenon that has been experimentally observed
[18, 67]. Moreover, note that the term U = eEdcd+ n~ω
designates an effective potential difference instead of the
plain potential drop per period due to the dc bias. The
function K(U) = 2j0/[1 + (U/Γ)
2] is connected to jdc
through Kramers-Kronig relations. The intensity of the
emitted radiation from the SSL structure is determined
by the Poynting vector, which is proportional to the har-
monic current term [28]
I2l (ν) = 2 〈j(t) cos(2piνlt)〉2 + 〈j(t) sin(2piνlt)〉2, (12)
where the integration 〈..〉 signifies time-averaging over
time interval of infinite time in the general case. Never-
theless, considering that the current response is induced
merely by a monochromatic field (ν), it is sufficient to
average only over the time-period T = 1/ν. It is thus
sufficient for our studies to look at the resulting average
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FIG. 4. (Color online) Color maps showing the dependence of the harmonic emission | Il(ν) |2 on the parameter α and
asymmetry coefficient δ for (a) l = 2, (b) l = 3, (c) l = 4, (d) l = 5, (e) l = 6 and (f) l = 7 harmonics. The white dots in
panels (a) and (d) correspond to the values of α and δ used in the time domain calculations depicted in Fig. 6(c) and Fig. 7(d)
respectively. The color bar is normalized to the peak current j0.
I2l (ν) = (jν,cosl )2 + (jν,cosl )2, in order to investigate
spontaneous frequency multiplication effects. Both even
and odd harmonics are present in a biased SSL due to
symmetry breaking. However, in this paper we focus
on symmetry breaking due structural effects leading to
asymmetric current flow. Thus in all numerical results
for harmonic generation, there is no static electric field,
i.e. U = eEdcd =0 and the Bragg reflections from mini-
zone boundaries are not associated to a specific oscillation
period vB = eEdcd/h. On the other hand, the Bragg scat-
tering is manifested as frequency modulation of electron
oscillations during a cycle of the oscillating field. Oscil-
lations of this type are known as Bloch oscillations in a
harmonic field (BOHF). Due to intraminiband relaxation
an electron performs high quality BOHF when α > αc.
Here αc = Uc/(hν) and Uc = Γ is the energy required
from the ac-field in order to bring temporarily the SSL
to an active state equivalent to the NDC region of the VI
characteristic. As mentioned above, a superlattice which
operates in the NDC region might result to the forma-
tion of high electric field domains which act as additional
linearities. We must underline that in this work the high-
frequency field considered to be acting on the superlattice
leads to a single-electron state and the electric field within
the SSL remains uniform. As a result, the gain at some
harmonics of the oscillating field is related only to the
nonlinearity of the voltage-current characteristic and the
BOHF oscillations.
At this point we should give a brief recap of the analytical
ansatz previously used to describe asymmetric current
flow [28, 46–48], to compare its predictions to those of our
rigorous numerical approach; The ansatz is implemented
by replacing j0 in Eqs. (8)-(11) by
j0 =
{
j0 U > 0,
j−0 U < 0
, Γ =
{
Γ+ U > 0,
Γ− U < 0.
(13)
where the potential energy U is equal to integer number
of photon quanta (n~ν) and the asymmetry coefficient
is δ = j0/j
−
0 = Γ
+/Γ−. This approach predicted the
development of even harmonics in good agreement with
experiments [28, 46] . Revisiting the latter approach al-
lows the straight comparison with the solution developed
in Sec II. The basic idea is to vary the asymmetry coeffi-
cient δ which in both approaches is defined as the ratio
of the different relaxation rates (Γ±) and then examine
the effects on even and odd order harmonics. Figure 3 de-
picts the second harmonic (left-handed panels) and third
harmonic output (right-handed panels) as a function of
the α parameter for different values of the asymmetry
coefficient δ. The dependencies | Il(ν) |2 (α) were calcu-
lated using Eqs. (8)–(13) and Eqs. (5), (12) in Fig. 3(a)
and Fig. 3(b), respectively. Both approaches yield similar
results for the second harmonic in a wide range of α. In
particular, we highlight that asymmetric relaxation times
are an unconventional mechanism for frequency doubling
in SSLs. As δ increases, the frequency doubling effects
become more pronounced and, eventually, give rise to
stronger optical response almost up to 0.6 %. We note
that the Ansatz solution may, however, contribute to
nonphysical numerical instabilities by revealing intense
second harmonic generation even at small amplitudes of
the oscillating field. Therefore, the numerical solution
offers a reliable way to treat the scattering induced asym-
metries in the current flow. Now we turn our attention to
the third harmonic output in the presence of asymmetric
6current flow which is quite different from the behavior
of the second harmonic output. Moreover, increasing
δ suppresses it, implying an redistribution of spectral
components in favor of even harmonics as shown in Fig.
3(d). One can see that the maximum output of the third
harmonic might be potentially reduced from 20 to 15 %.
In this case the different solutions appear to be more con-
sistent with each other. However, as shown in the inset
of Fig. 3(d) the Ansatz solution can lead to numerical
instabilities comparable with the maximum output of the
second harmonic. Once we established that the approach
developed in this work affords the significant variation of
the asymmetry coefficient, we can have an in-depth look
into the HHG processes.
Further insight on how asymmetric effects can result in a
significant gain at some even harmonic frequencies and
suppression at some other odd-order harmonics, is given
by the color maps in Fig. 4. It shows the calculated
values | Il(ν) |2 as a function of α and δ. The black
area indicates values (α, δ) for which Il exhibits small
or negligible harmonic response. The colored areas un-
fold distinct islands of significant harmonic response. For
example, Fig. 4(a) reveals significant enhancement of I2
for 1.2 . δ . 1.4 and 10 . α . 70. On the other hand,
in the same region Fig. 4(d) demonstrates a weak third
harmonic response of the irradiated superlattice. The
corresponding island of enhanced I3 is shifted to signif-
icantly larger α values. The magnitude of I3 increases
approximately from δ = 1.2 to δ = 1 and thus obtaining
a maximum for a SSL structure with perfectly symmetric
interfaces. The width of the islands changes significantly
for the higher-order even harmonics as shown in Figs. 4(b)
and 4(c). However, although the width of the colored
islands is increased, the strength of the harmonic content
is reduced, by an order of magnitude for I6 [Fig. 4(c)]
in comparison with I2 [Fig. 4(a)]. The colored areas
of the higher-odd harmonics are notably suppressed in
the regions where higher-even harmonics are being devel-
oped. Therefore, in order to achieve easily detectable odd
harmonics the SSL should operate deep inside the NDC
region. At this point it is important to highlight that the
higher the harmonic order, the larger the input power
must be. However, note that arbitrarily increasing the
input power is not a solution for high nonlinear output, in
contrast with materials described by conventional suscep-
tibilities. There is a complex combination of asymmetry
and power values leading to maximum HHG generation.
For example, Fig. 5 demonstrates the output of higher
even-order harmonics (beyond the 2nd harmonic) which
drastically drops when the input power is significantly
larger. The SSL device after excitation by a strong GHz
input signal can generate measurable 8th harmonic up
to ∼ 0.02 %. The magnitude of the emitted power in
units μW is related to harmonic term Il as Pl(ν)= T
I2l (ν) where the coefficient T = Aµ0 cL2/(8nr) obtained
from the time-averaged Poynting vector by neglecting the
waveguide effects. Here µ0 is the permeability and c is the
speed of light by considering both of them in free-space.
0.2
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40 80 120
FIG. 5. High-order even harmonics as a function of the pa-
rameter α. The asymmetry parameter is δ = 1.2 and the
frequency of the oscillating field is ν = 141 GHz. The dashed
curve signifies the critical value ac for which the SSL can
operate in the NDC part of the VI characteristic.
For typical mesa area A =(10 × 10) µm2, effective path
length through the crystal L =121.4 nm and refractive
index nr=
√
13 (GaAs), one can obtain T ' 77 μW. Now
it is straightforward to calculate the emitted power cor-
responding to Figs. (3-5). As a consequence, for a value
α ' 34 close to but below the αc the emitted power can
reach the values P2 = 0.4 μW and P4(ν) = 0.01 μW at
room temperature for the second and fourth harmonic
respectively. These magnitudes indicate that significant
gain can appear at second and fourth-order harmonics
in the absence of electric domains which might affect the
HHG processes when α > αc.
Next, we complement the steady-state analysis with cal-
culations of the time-dependent nonlinear response of the
miniband electrons. Our time-dependent solution [see Eq.
5] can provide further insight in the frequency-conversion
of the input signal related to the asymmetric scattering
processes. Figure 6 depicts the oscillating field, the nonlin-
ear current oscillations, the second harmonic component
and the third harmonic component which occur in the
presence of asymmetric scattering rates. The oscillat-
ing field E(t) [see Fig. 7(a)] causes a time-dependent
electron drift with a time dependent current j(t) which
contains different harmonic components due to the en-
hanced nonlinear response as shown in Fig. 6(b). In
a perfectly symmetric structure, the irradiation of the
superlattice with input radiation leads only to odd-order
multiplication and therefore the second harmonic signal
j2(t) = j(t) cos(4piνt) [dashed curve in Fig. 6(c)] averaged
over time is < j2 >t= 0. On the contrary, for a higher
asymmetry parameter δ (arrowed), the time realization of
j2(t) demonstrates oscillations whose amplitude is highly
asymmetric. In this case, the the first peak (1) becomes
sufficiently smaller than peak (2) resulting in < j2 >t
different than zero as is evident from Fig. 6(c). The
third harmonic component in the current is due to the
BOHF which stem from the anharmonic motion of the
electron within the miniband. Every half-period (T/2),
j3 contributes a phase of an opposite sign with respect
to the temporal evolution of the electric field [see Fig.
6(a), (d)]. With increasing asymmetry coefficient δ, the
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FIG. 6. (Color online) Nolinear response of miniband elec-
trons by considering asymmetric scattering processes. (a) The
normalized electric field [E(t)/Eac] which causes the time de-
pendent drift. (b) The time-dependent current j(t) [see Eq.
(5)] is depicted over two cycles of the input field E(t). (c) The
second-harmonic j2(t) and (d) the third-harmonic current os-
cillations j3(t) calculated for different values of the asymmetry
parameter δ = 1, 1.05, 1.2, 1.4. The labels (1) and (2) denote
relevant relative minimum and maximum points. In all cases,
the value of the parameter α ' 27 corresponds to an electric
field with amplitude Eac=0.75 Ec and oscillating frequency
ν = 141 GHz. The arrow marks increasing asymmetry.
amplitude of the arrowed peak is reduced, which leads
to suppression of the third harmonic component < j3 >t.
For a electric field with sufficiently larger amplitude but
with the same oscillating frequency, the current response
becomes evidently more anharmonic [see Fig. 7(b)]. This
has important implications for both second and third-
order harmonics and serious consequences in the case
of increasing the asymmetry parameter δ. On the one
hand, the increase of the asymmetry between the two
relaxation rates results in more pronounced differences
between the oscillations amplitudes (1), (2) of the sec-
ond harmonic j2(t) and their adjacent peaks [Fig. 7(c)].
Consequently, the second harmonic is suppressed for a
larger Eac but still enhanced for a different δ. On the
other hand, the α parameter being larger than αc would
induce higher quality BOHF and therefore larger third
harmonic components [Fig. 7(d)]. We note though that
a larger asymmetry will reduce the emission of j3 due to
the strong suppression of the closely neighboring peaks
to the main one.
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FIG. 7. (Color online) Nolinear response of miniband elec-
trons by considering asymmetric scattering processes. (a) The
normalized electric field [E(t)/Eac] which causes the time de-
pendent drift. (b) The time-dependent current j(t) [see Eq.
(5)] is depicted over two cycles of the input field E(t). (c) The
second-harmonic j2(t) and (d) the third-harmonic current os-
cillations j3(t) calculated for different values of the asymmetry
parameter δ = 1, 1.05, 1.2, 1.4. The labels (1) and (2) denote
relevant relative minimum and maximum points. In all cases,
the value of the parameter α ' 86 corresponds to an electric
field with amplitude Eac = 2.4 Ec and oscillating frequency
ν = 141 GHz. The arrow marks increasing asymmetry.
IV. CONCLUSIONS
In summary, the Boltzmann-Bloch equation within a
path integral approach is used to deliver general, non-
perturbative solutions of High Harmonic Generation in
semiconductor superlattices. This approach allows us to
investigate details of the generation processes in both
spectral and time domains. The non-approximative na-
ture of our approach eliminates numerical errors for small
harmonics which could cast doubt upon the origin of har-
monic generation. Thus, our study conclusively demon-
strates striking features of High Harmonic Generation
when asymmetric relaxation processes are taken into ac-
count in superlattice structures. While these effects are
relatively small on the odd harmonic generation, signifi-
cant features appear at even harmonics leading to mea-
surable effects in the GHz-THz range.
Significant production of even harmonics has previously
predicted for an electrically excited SSL due to parametric
amplification[68] or other parametric processes [69] which
stem from the existence of an internal electric field in the
structure. In this respect, it is interesting to study how
8the parametric processes can affect the harmonic gener-
ation [70] or the Bloch gain [69] profile in the presence
of asymmetric current flow. Moreover, our approach has
a great potential for analyzing the effects of asymmet-
ric scattering processes on the intensity of harmonics by
means of externally applied voltages. Finally, it’s worth
considering further the deviations from a completely anti-
symmetric current-voltage characteristic and analyze the
nonlinear response of SSL excited by a Gaussian optical
pulse [45, 53].
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Appendix A: Path-integral expressions
In this section, we revisit path-integral expressions de-
scribing a solution to transport problems and having as
a starting point the Boltzmann equation. The general
formalism has been applied to describe transport in semi-
conducting devices [71] , parametric amplification [24]
and Bloch gain [72] in spatially homogeneous SSLs. This
method allows us to deliver a general numerical solu-
tion for the influence of asymmetric relaxation effects on
miniband transport model and frequency multiplication
processes in superlattices in the presence of an oscillating
electric field, eliminating the need for the approximative
Ansatz used in Refs. [28, 46–48]. The electron distribu-
tion function f(k, t) satisfies the spatially homogeneous
Boltzmann equation
∂f
∂t
= −F
~
∂f
∂k
+
∫
dk′[f(k′)W (k′,k)− f(k)W (k,k′)].
(A1)
The second term of the right-hand side of Eq. (A1)
represents the rate of change of f due to collisions, which is
characterized conventionally by the transition probability
W (k′,k)dk per unit time that an electron will be scattered
out of a state k into a volume element dk and the rate
W (k,k)dk per unit tame that an electron with wave
vector k will scatter to a state whose vector lies between
k′ and dk′. We can rearrange Eq. (A1) as
1
~
(
F
∂
∂k
+ ~
∂
∂t
+ Γ
)
f =  Lf (A2)
Thus, if a single and isotropic (same for all states k)
relaxation rate is assumed then  Lf = Γf0/~ and Eq. (A2)
has an exact formal solution in the form a path-integral
f(k, t) = Γ/~
∫ t
−∞ dt0 f0(k(t, t0))e
−Γ(t−t0)/~. We note
that in the case of anisotropic scattering the general
solution reads
f(k, t) =
∫ t
−∞
dt0
(
Γ(t0)f0(k(t, t0))
~
+
∫
dk′f(k′)W (k′,k(t))
)
× exp
{
−
∫ t
t0
Γ(y)
~
dy
}
,
(A3)
We would like to localize the asymmetry of the electron
scattering function due to interface roughness to well-
defined regions of the SSL. Therefore, we assume that
W (k′z, kz(t0)) = W0 if k
′
z and and kz both lie in within
a region of the miniband for which vz(k
′
z, kz(t0)) > 0,
otherwise W (k′z, kz(t0)) = 0. Accordingly, the operator  L
is generalized into
 L+ =
1
~
(
F
∂
∂k
+ ~
∂
∂t
+ Γ+
)
(A4a)
 L− =
1
~
(
F
∂
∂k
+ ~
∂
∂t
+ Γ−
)
(A4b)
and
Γ+/Γ− = 1 + (W0/Γ−)
∫
region+
f(k′)dk′ (A5)
indicating the existence of two scattering rates due to dif-
ferences in interface roughness depending on the sequence
of the layers. Here for simplicity we designate the region
in k-space as region+ corresponding to the high-quality
interface of the SSL. Equations (A2) and (A4a), (A4b)
can be combined into the single integro-differential Eq.
(2). The latter equation may be solved to obtain the cur-
rent with asymmetric relaxation processes. The resulting
expression is described by
j(t) =
2e
(2pi)3
∫
d3k f0(k)
∫ t
−∞
dt0
Γ(t0)v(t, t0)
~∆(t, t0)
× exp
{
−
∫ t
t0
Γ(y)
~
dy
}
. (A6)
Note that the static current jdc is obtained by taking
∆(0, t0) in Eq. (A6).
We should comment here that our approach is qual-
itatively different from the balance equations approach
developed in [73] and discussed further in Refs. [49, 50].
This 1D model assumed that the distribution function
can be decomposed into its symmetric fs = {f(| k |
, t) + f(− | k |, t)}/2 and anti-symmetric fa = {f(| k |
, t)−f(− | k |, t)}/2 parts. The basic idea is that fs in the
presence of inelastic scattering processes (Γin) is allowed
to relax to equilibrium distribution function f0. On the
other hand, fa couples the motion only in the z–direction
9to that in the (−z)–direction via elastic scattering (Γel)
transferring the energy obtained by the electron transport
along the field direction. As a result the current density-
electric field dependence can be obtained by the kinetic
formula jdc(Edc) = (Γinj0/~)〈vz(t) exp(−Γt/~)〉 where
〈..〉 denotes averaging over time and Γ = (ΓinΓel+Γ2in)1/2.
This model predicts effectively the suppression of peak
current density with the increase of Γel. It cannot, how-
ever, treat in its present form the asymmetric relaxation
rates and their effects on harmonic generation in the pres-
ence of a time-dependent electric field, in contrast to our
more general approach.
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